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Dispostos em montagem do tipo “X” ≤ ’ ou ≤



ݔ ݕ ݔݖ ݕ 𝑢ݖ ݒ ݓ

u(ݔ)
𝑢௫ = ݕ− ݔ݀ݒ݀



𝑢௬ = 𝑢௭(ݔ)ݒ = 0
ߠ = ݒ݀ ⁄ݔ݀

߳௫ = ݕ− 2߳௬ݔ݀(ݔ)ݒ2݀ = ݕ− ݔ݀ݒ݀ = 0
߳௭ = ݔ݀ݒ݀ + ݀𝑢݀ݕ = 0

(ݔ)ݒݕ ௫௬ߛ

௫ߪ = .ܧ ߳௫

௫ߪ = ܧ− 2ݔ݀ݒ2݀ ݕ =

(ݔ)௭ܯ = ∫ ܣ஺ܣ݀(ݔ)௫ߪݕ



(ݔ)௭ܯ = ܧ− 2ݔ݀ݒ2݀ ∫ ஺ܣ²݀ݕ

(ݔ)௭ܫ = ∫ ஺ܣ²݀ݕ

(ݔ)௭ܯ = ௭ܫܧ− 2ݔ݀ݒ2݀
௭ܫܧ(ݔ)௭ܯ− = 2ݔ݀ݒ2݀

ݖܯ ݖܫܧ– ܳ(ݔ)ݍܤܣ ܯ
ܳ + ܯܳ݀ + ݀ ′ܥ



–

ݔ݀
ݔ௭݀ܯ݀ = ܳ௬; ݀ܳ௬݀ݔ = (ݔ)ݍ−

ݔ௭݀ܯ݀ = ܳ௬ = ௭ܫܧ− 3ݔ݀(ݔ)ݒ3݀
3ݔ݀(ݔ)ݒ3݀  = − ܳ௬ܫܧ௭



ܫܧ 4ݔ݀ݒ4݀ = ௭ܫܧ(ݔ)ݍ−

ܳ = ݔܯ݀݀ = ܫܧ− 2ݔ݀ߠ2݀

ܯ = ܫܧ ݔ݀ߠ݀



𝑢௫ = (ߠ)݊݁ݏݕ− ≈ (ߠ)݃ݐݕ− ≈ (ݔ)ߠݕ−
𝑢௬ = (ݔ)ݒ



𝑢௭ = 0
(ݔ)߮ (ݔ)߮ݔ = (ݔ)ߚ(ݔ)′ݒ (ݔ)ߠ

߮ = ݔ݀ݒ݀ = (ݔ)ߚ + (ݔ)ߠ
௫௬ߛ

k

௫ߪ = ݕܧ− ݔ݀ߠ݀
߬௫௬ = ݔ݀ݒ݀)ܩ݇ − (ߠ

ܩ
M Q

ܯ = ܫܧ− ݔ݀ߠ݀
ܳ = ݔ݀ݒ݀)ܣܩ݇ − (ߠ



2ݔ݀ݒ2݀)ܣܩ݇ − (ݔ݀ߠ݀ = ݍ−
ܫܧ− 2ݔ݀ߠ2݀ = ܣܩ݇ ݔ݀ݒ݀) − (ߠ

(ݔ)ߠ
ܫܧ 3ݔ݀ߠ3݀ = ݍ

ܫܧ 2ݔ݀ߠ2݀ − ߠܣܩ݇ + ݔ݀ݒ݀ܣܩ݇ = 0

x’



݇௖ = 6(1 + ²7(ݒ + ݒ12 + ²ݒ4



∫݂ܸ݀ 
௏ = ∑∫ ݂ ܸ݀ 

௏೔
௡

௜=1

ܸ = ∑ ௜ܸ௡
௜=1

݊௜ܸ





1ݒ 1ߠ2ݒ 2ߠ



௧ݒ = ௙ݒ + ௖ݒ → ݔ௧݀ݒ݀ = ݔ௙݀ݒ݀ + ݔ௖݀ݒ݀

௖ݒ௙ݒ௧ݒ



ߚ = ߮ + ߛ

ܳ = ܫܧ− 2ݔ݀ߠ2݀

ܯ ܫܧ− = ݔ݀ߠ݀

ݔ݀ܳ݀ = 0

ݔ݀݀ ݔ݀ݒ݀)ܣܩ݇ − (ߠ = 0 → ݔ݀݀  ݔ݀ݒ݀) − (ߠ = 0



ݔ݀݀ ܫܧ−) (ݔ݀ߠ݀ − ܣܩ݇ ݔ݀ݒ݀) − (ߠ = 0 → ܫܧ ݔ2߮݀݀ + ݔ݀ݒ݀)ܣܩ݇ − (ߠ

߱ = ܣ + ݔܤ + 2ݔܥ

ߛ = ݔ݀ݒ݀ − ߠ

ܫܧ ݔ2݀݀ ܣ) + ݔܤ + (2ݔܥ + (ߛ)ܣܩ݇ = 0 →
(ܣ2)ܫܧ + (ߛ)ܣܩ݇ = 0 → ߛ  = ܣܩ݇ܫܧܣ2−

ݔ݀ݒ݀ = ܣ + ݔܤ + 2ݔܥ − ܣܩ݇ܫܧܥ2

ݒ = ܦ + ݔܣ + 2ܤ 2ݔ + ܥ 33ݔ) − ܣܩ݇ܫܧ2 (ݔ



݃ = 2ܮܣܩ݇ܫܧ6

ݒ = ܦ + ݔܣ + 22ݔܤ + 3ܥ 3ݔ) − (ݔ2ܮ݃

ݔ = 0 ݒ = ݔ1ݒ− = 0 ߠ = ݔ1ߠ− = ܮ ݒ = ݔ2ݒ− = ܮ ߠ = 2ߠ−

[  
  0 0          1         01 0 ܮ0         0          22ܮ 33ܮ (1 − ݃) 11 ܮ 0       2ܮ          ]  

  × [ܦܥܤܣ] = [2ߠ−2ݒ−1ߠ−1ݒ−]



[ܦܥܤܣ] =
[  
   

−1ߠ− 2ܮ2 2ߠܮ−) − 1ߠܮ2 + 2݃ߠܮ − 1݃ߠܮ + 2ݒ3 − 1)(1ݒ3 + 2݃)− 3ܮ3 2ߠܮ) + 1ߠܮ − 2ݒ2 + 1)(1ݒ2 + 1ݒ−(2݃ ]  
   

′ߠ = ܤ + ݔܥ2

′ߠ = [− 2ܮ2 2ߠܮ−) − 1ߠܮ2 + 2݃ߠܮ − 1݃ߠܮ + 2ݒ3 − 1)(1ݒ3 + 2݃) ]
+ ݔ2 [− 3ܮ3 2ߠܮ) + 1ߠܮ − 2ݒ2 + 1)(1ݒ2 + 2݃) ]

ߛ = [ 3ܮ3 2ߠܮ) + 1ߠܮ − 2ݒ2 + 1)(1ݒ2 + 2݃) ] × 33ܮ݃  →
ߛ = ܮ݃ × (1 + 2݃) × 2ߠ)ܮ] + 1ߠܮ + 1ݒ)2 − [(2ݒ

ܷ = 2ܫܧ  × ∫ ௅ݔ2݀(′ߠ)
0 + 2ܣܩ݇ × ∫ ௅ݔ2݀(ߛ)

0



ܷ = 2ܫܧ {∫ [− 2ܮ2 2ߠܮ−) − 1ߠܮ2 + 2݃ߠܮ − 1݃ߠܮ + 2ݒ3 − 1)(1ݒ3 + 2݃) ]௅
0

+ ݔ2+]] [− 3ܮ3 2ߠܮ) + 1ߠܮ − 2ݒ2 + 1)(1ݒ2 + 2݃) ]]]2

+ 3 2ܮ݃ܫܧ [∫ [[ 3ܮ3 2ߠܮ) + 1ߠܮ − 2ݒ2 + 1)(1ݒ2 + 2݃) ] × 23ܮ݃ ]2௅
0 ] {ݔ݀

ܷ = 1)ܫܧ + 3ܮ(2݃ 22ߠ2ܮ2) + 22݃ߠ2ܮ + − 1ߠ 2ߠ2ܮ2 − 1ߠ 2ߠ2ܮ2݃ + 2ߠ 2ݒܮ6 + 2ߠ 1ݒܮ6 12݃ߠ2ܮ + 12ߠ2ܮ2 − + 1ߠ 2ݒܮ6 − 1ߠ 1ݒܮ6 + 2ݒ 1ݒ12 12ݒ6 + (22ݒ6

1ݒܷ݀݀ = 1)ܫܧ6 + 3ܮ(2݃ 1ݒ2) + 1ߠܮ − 2ݒ2 + (2ߠܮ
1ߠܷ݀݀ = − 1)ܫܧ2 + 3ܮ(2݃ 1ݒ3−) − 1ߠܮ2 − ݃ܮ1ߠ + 2ݒ3 − 2ߠܮ + (݃ܮ2ߠ

2ݒܷ݀݀ = − 1)ܫܧ6 + 3ܮ(2݃ 1ݒ2) + 1ߠܮ − 2ݒ2 + (2ߠܮ



2ߠܷ݀݀ = 1)ܫܧ2 + 3ܮ(2݃ 1ݒ3) + 1ߠܮ − ݃ܮ1ߠ − 2ݒ3 + 2ߠܮ2 + (݃ܮ2ߠ

[௘ܭ] × {𝑢௘} = { ௘݂}
1ܫܧ + 2݃

[  
   
3ܮ12   −        2ܮ6                3ܮ12 2)ܮ2        2ܮ6            2ܮ6              + ݃)   − ܮ2          2ܮ6 (1 − 3ܮ12−(݃           − 3ܮ12           2ܮ6             − ܮ2        2ܮ6             2ܮ6 (1 − ݃)   − ܮ2          2ܮ6 (1 + ݃) ]  

   
  × [2ߠ2ݒ1ߠ1ݒ] = [ [2ܯ12ܸܯ1ܸ

݁ܭ –𝑢݁ –݂݁ –



(ݔ)ݍ = ݔܽ + ܾ
(ݔ)ݍ

ݔ = 0 → ݍ = ݔ1ݍ = ܮ → ݍ = 2ݍ

ܽ = 2ݍ) − ܮ1ݍ )
ܾ = 1ݍ



(ݔ)ݍ = 2ݍ) − ܮ1ݍ ݔ( + 1ݍ

∗(ݔ)∆

∫ ௅ݔ݀∗(ݔ)∆(ݔ)ݍ
0

∗(ݔ)∆ = (1 − ∗1∆(ܮݔ + ∗2∆(ܮݔ)

∫ ௅ݔ݀∗(ݔ)∆(ݔ)ݍ
0 = 1ݍ3ܮ) − + 1∆(2ݍ6ܮ 1ݍ6ܮ) −  2∆(2ݍ3ܮ

{௘ݍ} = 1ݍ} − 3ܮ 2ݍ 1ݍ  6ܮ 2ݍ− 6ܮ {  3ܮ









݃ܭ = [݇11  ⋯ ݇1݊  ⋮ ⋱ ⋮  ݇݊1  ⋯ ݇݊݊ ]݂݃ = 1ܨ]  ⋮ 𝑢݃[ ݊ܨ  = [𝑢1 1ߠ  ⋮  𝑢݊ ݊ߠ   ]

[௚ܭ] × [𝑢௚] = [ ௚݂]
௚ܭ –𝑢௚ –

௚݂ –







3ݔ݀ݒ3݀ = ݔݓ) + 2ݔ݀ݒ2݀ܫܧ(1ܿ = ܫܧ1 ²2ݔݓ) + ݔ1ܿ + ܿ2)dݔ݀ݒ = ܫܧ1 ³6ݔݓ) + ²2ݔ1ܿ + ݔ2ܿ + ܿ3)

(ݔ)ݒ = ܫܧ1 424ݔݓ) + ³6ݔ1ܿ + ²2ݔ2ܿ + ݔ3ܿ + ܿ4)

2ݔ݀ݒ2݀ = 0



ݒ = 0
2ݔ݀ݒ2݀ = 0
ݒ = 0

ܿ1 = 2ܿ2ܮݓ− = 0
ܿ3 = 324ܿ4ܮݓ = 0

(ݔ)ݒ = 4ݔ)ݓ − 3ݔܮ2 + ܫܧ24(ݔ3ܮ

(ݔ)ݒ = 4ݔ)ݓ − 3ݔܮ2 + ܫܧ24(ݔ3ܮ + ܣܩ2݇ݓ 2ݔ−) + (ݔܮ



θ

(ݔ)ߠ = ݔ݀ݒ݀ = 3ݔ4)ݓ − 2ݔܮ6 + ܫܧ24(2ܮ

ݒ = ܫܧ1 424ݔݓ) + ³6ݔ1ܿ + ²2ݔ2ܿ + ݔ3ܿ + ܿ4)



2ݔ݀ݒ2݀ = 0
ݒ = 0

2ݔ݀ݒ2݀ = 0
3ݔ݀ݒ3݀ = 0

ܿ1 = ܮݓ−
ܿ2 = 22ܿ3ܮݓ = 0ܿ4 = 0



(ݔ)ݒ = 4ݔ)ݓ − 3ݔܮ4 + ܫܧ24(2ݔ2ܮ6

(ݔ)ݒ = ܫܧ24ݓ 4ݔ) − 3ݔܮ4 + (2ݔ2ܮ6 + ܣܩ2݇ݓ 2ݔ−) + (ݔܮ2

A equação que define a inclinação θ

(ݔ)ߠ = ݔ݀ݒ݀ = 3ݔ4)ݓ − 2ݔܮ12 + ܫܧ24(ݔ2ܮ12

ܴ௔ = ܴ௕ = 2ݓ



0 ≤ ݔ ≤ ܮ 2⁄
(ݔ)ܯ = ܴ௕ݔ = 2ݓ ݔ

(ݔ)ܯ = ܫܧ 2ݔ݀ݒ2݀ = 2ݓ

dݔ1݀ݒ = ܫܧ1 ²4ݔݓ) + ܿ1)
1ݒ = ܫܧ1 312ݔݓ) + ݔ1ܿ + ܿ2)

ܮ 2⁄ ≤ ݔ ≤ ܮ
(ݔ)ܯ = ܴ௔ݔ − ݓ ݔ) − (2ܮ = 2ݓ− ݔ + 2ܮݓ

2ݔ2݀ݒ2݀ = ܫܧ1 2ݓ−) ݔ + 2ܮݓ )



dݔ2݀ݒ = ܫܧ1 24ݔݓ−) + 2ܮݓ ݔ + ܿ3)
2ݒ = ܫܧ1 312ݔݓ−) + 24ݔܮݓ + ݔ3ܿ + ܿ4)

(0)ݒ = 0
(ܮ)ݒ = 0

1ݒ (௅2) = 1ݒ (௅2) 1′ݒ (௅2) = 2′ݒ (௅2)

ܿ1 = − 2ܿܫܧ216ܮܲ = 0
ܿ3 = − ܫܧ216ܮ3ܲ
ܿ4 = ܫܧ348ܮܲ



0 ≤ ݔ ≤ ܮ 2⁄
(ݔ)ݒ = ܫܧ48ݔݓ 2ܮ3) − (2ݔ4

ܮ 2⁄ ≤ ݔ ≤ ܮ
(ݔ)ݒ = ܮ)ݓ − ܫܧ48(ݔ 2ܮ3) − ܮ)4 − (2(ݔ

0 ≤ ݔ ≤ ܮ 2⁄
ݒ = ܫܧ48ݔݓ 2ܮ3) − (2ݔ4 + ݔܣܩ2݇ܮݓ

ܮ 2⁄ ≤ ݔ ≤ ܮ
(ݔ)ݒ = ܮ)ݓ − ܫܧ48(ݔ 2ܮ3) − ܮ)4 − (2(ݔ + ݔ2ܮ)ݓ − ܣܩ2݇(2ݔܮ

A equação que define a inclinação θ deste caso que será utilizada nas análises 

0 ≤ ݔ ≤ ܮ 2⁄



(ݔ)ߠ = ݔ݀ݒ݀ = ܫܧ48ݓ 2ܮ3) − (2ݔ12

ܮ 2⁄ ≤ ݔ ≤ ܮ
(ݔ)ߠ = ݔ݀ݒ݀ = ܫܧ48ݓ 2ܮ3−] + ܮ)12 − [2(ݔ

ܫܧ ௗ3௩ௗ௫3 = (ݔ)ܸ = ܿ1
2ݔ݀ݒ2݀ = ܫܧ1 ݔ1ܿ) + ܿ2)d݀ݒx = ܫܧ1 (ܿ12 2ݔ + ݔ2ܿ + ܿ3)

(ݔ)ݒ = ܫܧ1 (ܿ13 3ݔ + ܿ22 2ݔ + ݔ3ܿ + ܿ4)



(0)ݒ = 0
(0)′ݒ = 0

ܫܧ 3ݔ݀ݒ3݀ = (ݔ)ܸ = ݓ− = ܿ1

ܫܧ 2ݔ݀ݒ2݀ = 0 = ݔ1ܿ− + ܿ2

ܿ1 = 2ܿݓ− = 3ܿܮݓ = 0ܿ4 = 0

(ݔ)ݒ = ܫܧ6ݓ 3ݔ−) + (2ݔܮ3



(ݔ)ݒ = ܫܧ6ݓ 3ݔ−) + (2ݔܮ3 + ܣܩ݇ݓ ݔ

A equação que define a inclinação θ deste caso que será utilizada nas análises 

(ݔ)ߠ = ݔ݀ݒ݀ = ܫܧ2ݓ 2ݔ−) + (ݔܮ2

109ݔ205







ܴ௔ ܴ௕ ܴ௖ ܴௗ ܴ௘ ௙ܴ







௣ܨ



4ܨ3ܨ2ܨ1ܨ

ܧ ߥ
ܧ ߥ

109ݔ4205݀ 3݀ 2݀ 2݀ 5݀1ܦ 4ܦ 3ܦ 2ܦ 1ܦ



109ݔ205 8݀ 7݀ 6݀ 9݀5ܦ 8ܦ 7ܦ 6ܦ

109ݔ4205݀ 3݀ 7݀ 6݀ 8݀5ܦ 7ܦ 6ܦ



݌ܨ 1ܨ 1ܨ 2ܨ 0 4ܨ
1ܦ 5ܦ 9ܦ 9ܦ 10ܦ 14ܦ
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https://www.ansys.com/blog/what-is-apdl?utm_source=chatgpt.com
http://www.fe.up.pt/~alvaro
https://www.ufsm.br/app/uploads/sites/783/2020/02/Apostila_Matlab.pdf
https://www.researchgate.net/publication/381360957
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